Within the diffusion Monte Carlo approach, we have determined the structure of isotopically pure and mixed helium droplets doped with one magnesium atom. For pure 4 He clusters, our results confirm those of M. Mella et al. [J. Chem. Phys. 123, 054328 (2005)] that the impurity experiences a transition from a surface to a bulk location as the number of helium atoms in the droplet increases. Contrarily, for pure 3 He clusters Mg resides in the bulk of the droplet due to the smaller surface tension of this isotope. Results for mixed droplets are presented. We have also obtained the absorption spectrum of Mg around the 3s3p 1 P 1 ← 3s 2 1 S 0 transition.
I. INTRODUCTION
The solubility of alkaline earth atoms attached to helium droplets has been found to critically depend on the dopant and on the helium isotope droplets are made of. This is at clear variance with what happens for alkali atoms, that are all found to reside in a dimple at the surface of the droplet irrespective of their isotopic composition, 1,2 or to impurities that experience a large attractive interaction with helium as, e.g., inert gas atoms that are found to reside in the bulk of the droplet. This is a particular yet prominent aspect of a much broader subject -the physics and chemistry of pristine and doped helium nanodroplets-that has been reviewed in a series of articles, see e.g. Refs. 3-8 and references therein.
Ancilotto and coworkers 9 have provided a solvation criterion for impurities in liquid helium in terms of the dimensionless parameter λ = ρ ε r e 2 1/6 σ ,
where ρ and σ are the density and the surface tension of liquid He, respectively, and ε and r e are the well depth and the equilibrium distance of the He-impurity interaction, respectively.
This parameter measures the balance between the energy of the impurity and the surface energy of the liquid. If λ < 1.9, the impurity sits on the free surface of the fluid and no solvation occurs. For Mg one has λ = 2.6 for 4 He and λ = 4.6 for 3 He. Since this criterion does take into account neither the complexities of the system nor the fine details of the He-impurity pair potential and it has been established for bulk liquid, it must be taken with care when the value of λ is fairly close to 1.9, in which case only a detailed calculation may unveil the solvation properties of a given impurity in He drops.
It has been found experimental and theoretically that Ca atoms solvate in 3 He but not in 4 He droplets, and that depending on their isotopic composition, they may reside in the liquid 4 He. 16, 17 More recent Resonant Two-Photon-Ionization (R2PI) experiments 18 have also yielded a bulk location for this impurity.
Since an electron-impact ionization experiment 19 This paper is organized as follows. In Sec. II we give some details about the DMC calculations. In Sec. III we present our results, and in Sec. IV we present a brief summary.
II. METHODS
Quantum Monte Carlo methods aim at solving the Schrödinger equation of a many-body system with the only knowledge of the inter-particle interaction. In our calculations we have employed the He-He Aziz potential, 23 and the X 1 Σ Mg-He interaction as obtained by
Hinde. 24 For the description of the absorption spectrum described in Sec III C, the Σ and Π Mg-He pair potentials of Ref. 14 have been used. To facilitate the use of these potentials, we have fitted them (by simulated annealing) to an analytical expression of the kind
The parameters are given in Table I . The resulting fits are shown in Fig. 1 , together with the calculated values (indicated with symbols in the figure). It can be seen that the agreement is excellent. For the sake of comparison, we have also included the He-He interaction used in this work.
Our DMC calculations are based on a variational or importance sampling wave function.
In that case, one does not solve the Schrödinger equation for the true wave function Ψ(R, t), but for the auxiliary function f (R, t) = Ψ T (R)Ψ(R, t). The trial wave function Ψ T (R) guides the random walk and minimizes the variance. We have used a rather simple form, containing the basic required properties, the same as employed in the past to describe a Ca impurity. 12 It is a generalization of the trial function adopted in previous studies on pristine mixed helium clusters, 25, 26 and is written as a product of seven terms
where {R} represents the set of 3(N 3 + N 4 + 1) coordinates of the atoms forming the cluster, 
where indices i, j run over the corresponding type of atom, and includes a short-range repul- , where the subindex i refers to the particle, and the integer number n = n x + n y + n z defines a "shell". This kind of Slater determinant has also been employed for other many-body systems, (see e.g. Ref.
28,29). It turns out that they are of Vandermonde type and, provided that the shells are filled in an increasing order of n, they can be expressed in terms of products of the relative coordinates, being thus translationally invariant.
28,29 Besides, we have always assumed a filling scheme in which the total spin is minimum, either 0 or 1/2, for N 3 even or odd, re-spectively. For some pure the total value of S z .
For the DMC algorithm we have used the short-time Green function approximation 30, 31 with an O(τ 3 ) form. 32 For those systems involving nodal surfaces, i.e. for fermions, the fixed node approximation has been employed. 30, 33, 34 The energy accuracy depends on the quality of the nodal surfaces of the trial function, which arise from the Slater determinants. FeynmanCohen back-flow correlations 35 have been incorporated into the scheme by substituting
in the orbitals of the Slater determinants. 36 For the backflow function η(r) we choose the medium-range form used in Ref. 37 , namely η(r) = λ/r 3 , with the same value of λ = 5Å 3 .
These type of correlations give rise to nodal surfaces that provide very accurate results for different fermionic systems in Quantum Monte Carlo calculations. 26, [38] [39] [40] [41] [42] [43] Pure estimator results discussed later on are free of the trial wave function bias in the density distributions.
The accuracy of the wave function only affects the rate of the convergence of the calculation.
As in our previous works on pure and doped mixed helium clusters, 3 . Our DMC calculation is based on an importance sampling function, and therefore the walkers are generated according to the auxiliary function f (R, t) = Ψ T (R)Ψ(R, t). The natural output corresponds thus to the so called mixed estimator, in which the expectation value of a given operator is straightforwardly calculated with this probability distribution function. If such an operator commutes with the Hamiltonian, the mixed estimator is equal to the exact expectation value of the observable in the asymptotic limit and within the fixed-node error. For other observables, as for example radial operators, the mixed estimator is in general biased by the trial function used for importance sampling. For the reasons mentioned in the Introduction, we have chosen to obtain unbiased estimates of radial distances for some 4 He droplets. In view of the few unbiased available calculations, ours may contribute to the general discussion of the subject.
Within Quantum Monte Carlo simulations, several schemes have been proposed in the literature to obtain unbiased-also called pure-estimators of operators that do not commute with the Hamiltonian. In this work we compute pure expectation values by using a forward walking method. The idea is to recover the exact value by including the factor Ψ(R, t)/Ψ T (R) in the expectation value. This quotient can be obtained starting from the asymptotic offspring of the walker. 44 Therefore a weight proportional to the number of the future descendant of the walker have stored a large number of walkers (typically 10 6 ) and for each of them the origin is taken at the center of mass of the helium atoms. Next, a rotation is carried out so that the Mg atom lies on the z-axis. In this coordinate system, a projection onto the y = 0 plane is performed in order to compute the density.
It can be qualitatively seen that, while for 3 He 40 Mg is fully immersed, for 4 He 40 it is not.
We will see in Sec III C how the distinct helium environment around Mg is reflected in the absorption spectrum for these three complexes. 
47,48
The mixed estimators for the root mean square (rms) radius of the helium cluster and the Mg impurity are plotted in One may infer from this that, for small N 4 values, the impurity sits in the outer region of the droplet. At N 4 ≃ 25 the impurity begins to "sink" into the cluster as its rms radius starts to decrease with increasing cluster size. In 3 He droplets no such trend is seen for the Mg rms radius, which contrarily has a tendency to decrease as the cluster size increases, apart from the structure around N 3 = 14 for whose origin, likely related to shell effects, we have been unable to find a convincing explanation. These results are consistent with the finding that Mg is in the bulk of the droplet for any N 3 value, 10 as Ancilotto's criterion predicts.
The transition in the Mg location 14 Finally, we have employed the pure estimator to determine the radial structure for the isotopically pure N 4 = 8 and 30 droplets. We have found that the differences between pure and mixed estimators of the radial densities are very small and not worth to be plotted. As an illustration, we have shown in Fig. 7 the mixed and pure estimations for the rms radius as a function of the block size ∆ L . The stability of the results is apparent, as well as the quality of our mixed estimator for radial distances. Thus, the conclusions drawn using the mixed estimator are robust and remain unchanged and accordingly, apart from Fig. 7 , the results discussed in this work have all been obtained using the mixed estimator. Tables II,   III , and IV for several (N 3 , N 4 ) combinations. In these Tables we have shown the statistical error in the last figure obtained in the usual way, as the standard deviation of the mean value calculated by using the blocking method. The solvation energy of the dopant in the droplet, defined as
B. Energetics of Mg@
is also given in the Tables. No solvation 
and have plotted this quantity as a function of N 3 in Fig. 10 . S3 He has a sawtooth structure similar to that of the atomic ionization energy vs. atomic number. 51 The more tightly bound It is well-known that the shift and width of the electronic transitions of impurities in helium droplets are very sensitive to their environment and for this reason this technique is often employed to study their structure. 5, 7 We have calculated the dipole absorption spectrum of Mg as described in Ref. 12 . The line shape of the electronic transition is determined as
where {R} refers to the positions of the atoms, and V gs and V ex are, respectively, the ground and excited states potential energy surfaces. We recall that we have used the Mg-He X 1 Σ interaction of Ref. 24 for the ground state and the 1 Π and 1 Σ potentials of Ref. 14 for the excited states. To compute I(ω) for a given value of ω, one has to diagonalize a 3 × 3 matrix to determine the three components of the absorption line, each one arising from a different potential energy surface, i.e., eigenvalue of the excited energy matrix. We refer the reader to Refs. 52-56 and references therein for the details.
The DMC calculation provides us with a set of walkers {R j } representing the instantaneous position of each atom in the cluster. These walkers have been used for determining the one-body densities presented before and can be also employed to obtain the absorption spectrum replacing dR|Ψ gs (R)| 2 by a sum over {R j } in the above equation, so that a mixed estimator of I(ω) has been obtained. This is the same approximation employed for the calculation of the radial densities here studied finding no significant differences with their pure estimator values.
As an illustrative example, the absorption spectrum of Mg is plotted in Fig. 11 for three selected (N 3 , N 4 ) combinations with N 3 + N 4 = 40. The spectra are referred to that of Mg in the gas phase. As for other impurities, the long tail at high frequencies arises from the very repulsive contribution of the 1 Σ pair potential. The largest atomic shift corresponds to the 4 He droplet and the smallest one to the 3 He droplet, the one corresponding to the mixed droplet lies in between.
The relative value of the shifts is easy to understand from the appearance of the helium densities shown in Fig. 2 . Roughly speaking, the larger the density around the impurity, the larger the shift. For N 3 + N 4 = 40, Mg is fairly coated by helium and the value of the saturation density plays a significant role in the actual value of the shift. Since the saturation density is larger for 4 He than for 3 He this explains the relative position of the three absorption lines.
IV. SUMMARY
Using a DMC approach, we have found that a Mg atom in a 4 He droplet experiences a transition from a surface to a bulk location for N 4 ≥ 26. For larger 4 He droplets, the impurity resides in the bulk of the droplet. This conclusion has been drawn not only using the mixed estimator inherent to the importance sampling approach, but also using a pure estimator approach free from this bias. This finding agrees with the result obtained by Mella and coworkers, 14 with which only minor quantitative differences are found.
Due to the light mass of this alkaline earth atom and its weak interaction with helium, Mg impurities are found to be very delocalized inside droplets containing several thousand 4 He atoms, 13 as those of interest in recent experiments. 18, 19 In the case of 3 He, we have found that Mg is always in the bulk of the 3 He droplet, as determined by previous DFT calculations. 10 To the best of our knowledge, the present calculations are the only DMC ones available for this system and for isotopically mixed helium droplets doped with Mg as well.
For mixed droplets, we have found the well-known scenario 47 The lines correspond to the parameterizations given in Table I . The Aziz He-He potential 23 has also been plotted in the left panel (solid line). 
